In N = 2 superconformal three-dimensional field theory the R-symmetry is determined by locally maximizing the free energy F on the three-sphere.
Introduction and Summary
Supersymmetry is a powerful tool for understanding strongly coupled dynamics in quantum field theory. In four dimensions the infrared behavior of flavored N = 1 supersymmetric QCD (SQCD) was understood [1] [2] [3] [4] in the 1990's, and many similarities were found with the expected behavior of non-supersymmetric QCD. The supersymmetric theories have the advantage of being much more tractable at strong coupling than their non-supersymmetric cousins. For example, the SQCD theory with SU (N c ) gauge group and N f non-chiral massless flavors, where each flavor multiplet consists of a fundamental and anti-fundamental chiral superfield, (Q,Q), flows to an interacting infrared fixed point in the Seiberg conformal window 3Nc 2 < N f < 3N c [2] . A similar conformal window is believed to exist for the nonsupersymmetric SU (N c ) gauge theory coupled to massless flavors [5] . Its upper boundary,
, is determined by asymptotic freedom, but its lower boundary is not yet known precisely.
The dynamics of gauge theories in three dimensions is of much interest due, in part, to their relation to statistical mechanics and condensed matter physics. It is expected that the U (N c ) gauge theory with N f massless flavors flows to an interacting infrared fixed point when N f > N crit , where N crit is some critical number of flavors [6, 7] . For large N f the scaling dimensions of composite operators may be calculated using the 1/N f expansion. For N f < N crit the theory is thought to flow to a gapped phase in the infrared, though this phenomenon is difficult to study due to the strong coupling nature of the transition.
In order to gain more insight into the nature of the conformal window in 3-d gauge theories, it is instructive to study such theories with N = 2 supersymmetry, which are under an improved theoretical control. The U (N c ) gauge theory with N f non-chiral flavors flows to an IR fixed point for N f ≥ N c , while for N f < N c supersymmetry is broken [8] . For this is generalized to the Giveon-Kutasov duality [10] .
During the past three years many new insights into the 3-d N = 2 theories have been obtained using the method of localization on the three-sphere [11] [12] [13] . The matter fields in N = 2 theories have non-trivial anomalous dimensions at conformal fixed points, whereas the anomalous dimensions at fixed points in theories with more supersymmetry vanish. The R-symmetry in N = 2 theories is abelian, and it may mix with other abelian symmetries in the infrared. The correct R-symmetry at the IR fixed point may be calculated using the principle of F -maximization [12, 14, 15] , which states that the correct R-symmetry locally maximizes the Euclidean three-sphere free energy.
The calculations on S 3 have also led to precise checks [16] [17] [18] of the Aharony and Giveon-Kutasov dualities. These dualities, which are similar to the Seiberg duality [2] in four dimensions, provide dual (magnetic) theories which are thought to flow to the same infrared fixed points as the original (electric) theories. The authors of [16] showed that the S 3 partition functions at the IR fixed points of the electric and magnetic theories agree when treated as analytic functions of the trial R-charges, providing evidence that the fixed points are indeed equivalent. However, one feature of the Aharony duality does not seem to have been fully clarified, and this is one of the subjects of this paper. In the theories without
Chern-Simons level it was observed [16] that the partition functions of the U (N c ) electric theories fail to converge for a small enough number of flavors when the R-charges are treated as real variables. In the Veneziano limit [19] , where N c is taken to infinity while keeping the ratio x = N f Nc fixed, we find that this divergence occurs at the critical value x = x c , which
we determine numerically to be x c ≈ 1.45. For x < x c a new "accidental" global symmetry emerges in the infrared and mixes with the IR R-symmetry. A key insight into the nature of this global symmetry is found by studying the scaling dimension of the protected monopole operators, which are local operators in three-dimensions, as functions of x. We find that the monopole operators are above the unitarity bound for x > x c and reach the unitarity bound ∆ = 1/2 at x = x c . When x < x c the monopole fields become free and decouple, so that the accidental global symmetry acts on the monopole sector. 1 While this global symmetry acts on the monopole fields in the electric theory, in the Aharony dual theory it acts on two chiral superfields that don't emerge from the gauge sector. This allows us to set the R-charges of these two superfields to 1/2 and then use F -maximization in the magnetic theory to calculate the S 3 free energy and the R-symmetry of the IR fixed point in the theories with x < x c .
This procedure is in line with the general approach to handling the accidental symmetries proposed in [20, 21] , which is inspired by the work [22, 23] on accidental symmetries in 4-d N = 1 gauge theories. We refer to the transition in the behavior of the theory at x = x c as "a crack in the superconformal window." The existence of the "crack" has interesting effects on the properties of observables. For example, as we show in section 2.5, when F is plotted at fixed N f as a function of N c , it is peaked at the "crack."
We recall that, in the 4-d N = 1 theories, as x is decreased the dimensions of the meson operatorsQ a Q b decrease and eventually reach the unitarity bound at the lower edge of the conformal window, x = 3/2 [1] . A similar phenomenon occurs in 3-d, with meson operators reaching the unitarity bound at x = 1. However, this is not the first transition that affects the 3-d theories as x is decreased. The monopole operators, which are special to the 3-d case, reach the unitarity bound before the meson operators do. The fact that the monopoles are free for 1 ≤ x < 1.45 makes the 3-d N = 2 theory in this range reminiscent of the free magnetic phase found for 1 ≤ x < 3/2 in the 4-d N = 1 SU (N c ) gauge theory [2] . However, the 3-d theory is not free for 1 ≤ x < 1.45: in addition to the free monopoles it includes an interacting superconformal sector.
The key role of the monopole operators in bringing about the transition at x = x c is also reminiscent of the Polyakov mechanism [24] for confinement in three dimensions. This leads us to raise the question of whether in the non-supersymmetric versions of these theories the monopole operators also reach the unitarity bound before the meson operators do.
Since non-supersymmetric theories, as far as we know, do not posses anything similar to the Aharony duality, we conjecture that the theory is not conformal for x below the value where the monopoles saturate the unitarity bound (i.e. the "crack" we have found in the superconformal window is analogous to the edge of the non-supersymmetric conformal window).
It is thus tempting to conjecture that, at the lower edge of the 3-d non-supersymmetric conformal window for U (N c ) theories coupled to massless flavors, the monopole operators reach the unitarity bound while the meson operators, such asψ a ψ b in 3-d QCD, are still above the unitarity bound. In the N = 2 theories, the transition at x = x c disappears when we add in a Chern-Simons (CS) term at level k to the gauge sector. This is because there are no gauge invariant BPS operators which can be constructed from the monopole operators in the theories with k = 0.
At the level of the S 3 partition function, the partition function is seen to converge everywhere above the supersymmetry bound when the CS level is non-vanishing. It is still instructive in this case to keep track of the scaling dimensions of the protected meson operators, which are constructed from the flavors, as functions of x = N f Nc and κ = |k| Nc in the Veneziano limit.
We find three different types of behavior at small x depending on whether κ < 1, κ = 1, or κ > 1. The theories with κ < 1 reach the supersymmetry bound at x = 1 − κ, and at this point the meson operators have dimension 1/2 and become free fields. The theories with κ = 1 are quite special; at small x the scaling dimensions of the meson operators approach 2 3 due to the cubic superpotential in the magnetic Giveon-Kutasov theory. In the theories with κ > 1 the meson dimensions approach unity at small x, which is likely due to an enhanced higher spin symmetry in this limit [26] [27] [28] .
2 For discussions of other possibilities for the physics at the edge of conformal window, see [6, 7, 25] . 
Global symmetries and monopole operators
Naively the theory has a U (N f ) × U (N f ) global flavor symmetry. However, the diagonal U (1) V , which rotates the Q a andQ a by opposite phases, is gauged, and this reduces the global flavor symmetry to
A , where the U (1) A rotates the two chiral superfields by the same phase. There is also a U (1) R symmetry. At superconformal fixed points the scaling dimension of an operator is equal to the absolute value of its U (1) R charge. The UV R-charges of the chiral superfields (Q a ,Q a ) thus take the free value 1/2.
The correct R-symmetry at the IR fixed point may be a combination of the UV R-symmetry and the other global U (1) symmetries.
There are also N c topological currents j top = tr F , where the field strength F is proportional to a Cartan generator of U (N c ). The monopole operators, which are local operators in three-dimensions, are charged under the topological U (1)'s. More specifically, in the presence of a monopole operator charged under the topological U (1) with current j top = tr F inserted at the origin, the field strength takes the form
where M is an element of the Cartan subalgebra. The Dirac quantization condition restricts
with integer q 1 ≥ q 2 · · · ≥ q Nc , up to gauge transformations. Semi-classically we may construct BPS field configurations in N = 2 theories by combining the field strength in (2.1) with background configurations for the adjoint scalar σ in the vector multiplet. The monopole can then be thought of as being the spin-0 component of a chiral superfield. These chiral superfields parameterize the classical Coulomb branch of the theory. However, in the quantum theory only two of these monopole operators survive in the chiral ring, and these are Note that the U (1) R symmetry stated is that of the UV fixed point. The correct R-symmetry in the IR will be a mixture of U (1) R−UV and U (1) A .
the monopole operators with Cartan generators M = diag(±1, 0, . . . , 0) [8, 29] . We refer to these special monopole operators which remain in the chiral ring as V + and V − . A summary of the global and gauge symmetries of the theory is given in table 1.
For our purposes the most important property of the monopoles is their IR R-charge.
The monopoles acquire an R-charge [30] [31] [32] , with the result 
Monopole scaling dimensions and the unitarity bound
We must have
by unitarity, and this gives us the bound
In the N = 4 supersymmetric theory, where ∆ is fixed to 1 2 because the R-symmetry is non-abelian, this constraint reduces to the "good, bad, and ugly" classification of [31] . In that case theories with N f ≥ 2N c were referred to as "good" theories, in the sense that they have standard IR critical points, and theories with N f < 2N c − 1 were referred to as "bad" theories which do not satisfy the constraint. The "ugly" theories, for which N f = 2N c − 1, have a free twisted hypermultiplet, containing V + and V − , at their IR fixed points. We will not comment any further on the N = 4 theory.
In the N = 2 supersymmetric U (N c ) theory, we may combine the monopole untiarity bound (2.4) with the meson operator unitarity bound, ∆ > 1/4, to get the constraint
We will work mostly in the Veneziano limit, which is defined by taking large N c with the
held fixed. The constraint in (2.4) becomes
We call the value of x for which this bound is saturated x c . Using (2.5) we find the constraint x c > 4/3, which implies that the standard electric U (N c ) theory cannot be used all the way down to x = 1. This immediately shows that there must be a "crack in the conformal window." To find x c we need to calculate ∆ as a function of x in the large N c limit.
We address this calculation in the following subsection, but for now we quote the result x c ≈ 1.45. Intriguingly, this is close to the value 3/2 corresponding to the lower edge of the Seiberg superconformal window in 4 dimensions.
When x < x c a new global symmetry must appear in the IR which allows us to independently set ∆ V ± = 1/2. In section 2.4 we argue how these new global symmetries appear in Aharony's magnetic dual description of the theory.
∆ and F in the Veneziano limit
When x > x c we may use the localization procedure [11, 12] to calculate the scaling dimension ∆ of the flavor superfields at the IR fixed point. The S 3 partition function of the theory as a function of the trial R-charge ∆ is
where
The correct R-symmetry locally maximizes [12, 14, 15 ] the free energy
We may analyze the convergence of (2.7) by observing the integrand as the λ i → ∞. For definiteness consider taking one of the integration variables λ in the integrand to positive infinity, with the other integration variables held fixed. We then use the expansions
As noted in [16] , the partition function in (2.7) converges absolutely when
In the Veneziano limit, this is indistinguishable from the unitarity bound (2.4).
We compute ∆ using three different methods, which are described more fully in section A.
Method 1, described in section A.1, numerically computes the distribution of eigenvalues at the saddle point in the Veneziano limit using a procedure similar to that of [33] . Method 2 (section A.2) extrapolates small N c results, which can be computed by numerically integrating (2.7), to the Veneziano limit. Method 3 (section A.3) computes ∆ analytically in an asymptotic expansion in 1/x, with the result
(2.12)
In figure 1 we plot the results for ∆ as a function of x, and we determine numerically that ; we find that ∆ meets the converge bound at the critical value x c ≈ 1.45. The smooth black curves at large and small values of x are the analytic approximations (2.12) and (2.18), respectively. In the region right of the red curve we use the electric formulation of the theory, and in the region left of the red curve we use the magnetic formulation modified by decoupling the fields V ± . The right plot is a zoomed in version of the left one and includes only the numerical results from method 1. . The free energy decreases monotonically as a function of x, consistent with the F -theorem. The black points were computed numerically using the saddle point method (method 1, section A.1). The upper orange curve is the analytic approximation (2.13) and the lower orange linear approximation at smaller x is given in (2.19).
function of x is consistent with the F -theorem [14, [34] [35] [36] , since we may flow to theories with smaller x by giving mass to some of the flavor multiplets.
The Aharony duality
We have found that the standard "electric" formulation of the U (N c ) gauge theory does not work for x < x c . In particular, the F -maximization approach fails in this range because F has no local maximum as a function of the trial R-charge in the physically sensible range of ∆. The key to describing the IR fixed point of the theory with x < x c is to use the Aharony duality [9] . The statement of the duality is that the IR fixed point of the N = 2 theory with U (N c ) gauge group and N f non-chiral flavors is dual to the IR fixed point of the N = 2 theory with gauge group
, and two uncharged chiral multiplets V + and V − . Additionally, the dual magnetic theory has the superpotential 14) whereṼ ± are the monopole operators in the dual theory which create ∓1 unit of flux through the U (1) generated by the Cartan element M = diag(1, 0, . . . , 0). Under the duality the monopole operators V ± of the original theory are mapped to the gauge singlet chiral superfields of the dual theory. Similarly, the composite operatorsQ a Q b of the original theory are mapped to the gauge singlet chiral superfields M a b of the dual theory. The field content of the dual theory along with the gauge and global symmetries are described in table 2. The duality has undergone many nontrivial checks (see, for example, [9, 16, 17] ).
The superpotential (2.14) tells us that the dimension ∆ q of q a andq a is related to the dimension ∆ of Q a andQ a in the original theory by ∆ q = 1 − ∆. This allows us to write down the expression for the R-charge of the monopole operator in the Aharony dual theory, analogous expression to (2.4):
Due to the superpotential (2.14), the operatorsṼ ± are not chiral primaries, so the usual
does not apply to them. However, as we will see in the next section, the magnetic partition function on S 3 converges only when ∆Ṽ ± > 0. Thus, the "standard" localization prescription works in the magnetic theory in the narrow range
where V ± are above the unitarity bound and the integral converges. In the large N c limit with
x held fixed this range stays order N 0 c . We may calculate this range in the 1/N f expansion using the approximation for ∆ in (A.15) through order 1/N 5 f . A plot of the range (2.16) in (N c , N f ) space is given in figure 3 ; the lower bound corresponds to the black curve and the upper bound to the orange curve. In the range (2.16), i.e. between the black and orange curves in figure 3 , the standard localization method works both in the electric and magnetic theories. The computation in [16] demonstrated the equality of the electric and magnetic partition functions in this range, providing evidence for the Aharony duality. In the next section we will work outside of this range (below the black curve in 3), where the standard localization procedure does not apply in the electric theory. We will assume the Aharony duality and extract information using the magnetic description where we treat V ± as decoupled free fields.
An emergent global symmetry and x < x c
Going back to the Veneziano limit, the standard localization procedure fails in the electric theory when x < x c . The reason for this failure is the appearance of a new "accidental" global symmetry in the IR, which is related to the decoupling of the monopole fields V ± . This global symmetry is easily understood in the magnetic dual; it allows us to independently set that even though there is a range of ∆ for which the magnetic theory partition function converges when N f and N c are taken above the orange curve in figure 3 , we will not find a local maximum for F in this range.
the R-charges of V ± to their free field value 1/2, effectively decoupling these operators [21] .
Said another way, the superpotential terms W ⊃ V +Ṽ− + V −Ṽ+ become irrelevant in the IR and can be ignored. Since the new global symmetry acts trivially on the dual gauge sector, we may use the localization procedure in the magnetic dual when x < x c .
2.4.1 1 < x < x c When 1 < x < x c we use the modified magnetic formulation of the theory, where the Rcharges of V ± are fixed to 1/2. The partition function of this theory as a function of the trial R-charge is 
where G ≈ 0.916 is Catalan's constant.
Note that ∆ smoothly approaches 1/4 as x → 1 and also continuously connects with the electric curve at x = x c . It appears that ∆ and F might be non-analytic at x = x c , though our limited numerical precision does not allow us to make a precise statement. A general reason to expect a non-analyticity is that the global symmetry of the theory changes at x c .
N f = N c
An interesting special case occurs at the boundary of the supersymmetric window, when 
The superpotential is everywhere non-singular, which means we may use it to describe the IR fixed point. When N = 1, the superpotential in (2.20) is relevant, and, as shown in [12] , the theory flows to the IR fixed point where V + , V − , and M have scaling dimensions 2 3 . When N = 2, the superpotential is marginal, but it was shown in [16] that in fact the theory flows to the free theory in the IR where the fields V + , V − , and M a b have scaling dimensions 1/2. When N > 2 the superpotential is irrelevant in the UV, so the theory trivially flows to the free theory in the IR. However, as noticed in [16] , the naive application of the localization procedure to the dual theory fails to reproduce this result. The explanation for this apparent failure is simply that in these theories, which lie on the dotted red line in figure 3 , a new global abelian symmetry appears in the IR which allows us to independently set the R-charges of
It is interesting to see how the last statement above is implemented at the level of the 
We now see that, for all N f = N c = N > 1, the partition function is minimized by ∆ = 1/4 
.2643 (21.67) Table 3 summarizes our results for some small values of N c and N f ≥ N c . We note that moving to the left along each row, which corresponds to RG flows associated with making some flavors massive, decreases the value of F in agreement with the F -theorem [14, [34] [35] [36] .
RG flows and the F -theorem
This may also be seen in the Veneziano limit in figure pronounced for large N f . In figure 4 we plot F/N 2 f in the Veneziano limit as a function of N c /N f , and we see that this quantity is peaked at the crack, N c /N f ≈ 1/1.45. Using figure 4 we estimate that near the crack the value of F is F crack ≈ 0.47N 
When k is non-zero we may always rotate the contour of integration so that (3.2) converges exponentially.
The Giveon-Kutasov duality
Magnetic dual descriptions of the IR fixed points are also available when we turn on ChernSimons terms; they are described by the Giveon-Kutasov duality [10] . The Giveon-Kutasov dual of the electric theory is similar to the Aharony dual of the k = 0 theory, whose matter content is given in table 2, except that the fields V ± andṼ ± are no longer present. The dual gauge group is U (|k| + N f − N c ) −k , and the superpotential of the dual theory is simply
The S 3 partition function of the dual theory is
We may use the magnetic formulation of the theory everywhere above the supersymmetry bound; on the three-sphere this gives results identical to the electric formulation [16] . The special case where |k| + N f − N c = 0 is similar to the k = 0, N f = N c case; the dual theory has no gauge group, and a simple calculation using (3.3) shows that F is maximized at ∆ = 1/4.
Meson scaling dimensions
It is instructive to keep track of the scaling dimension 2∆ of the gauge invariant mesons M a b
in the Veneziano limit. When we take the Veneziano limit in the theory with a CS level, we keep fixed both κ = . We separately consider the regimes 0 < κ < 1, κ = 1, and κ > 1. In the first regime, when 0 < κ < 1, the supersymmetry bound is given by x = 1 − κ, with ∆(x = 1 − κ) = The black, brown, and orange points correspond to κ = 0.01, 0.4, 0.9, respectively. The points were computed numerically using the saddle point method, described in section A.1. The smooth curves at larger values of x come from the analytic approximation to ∆ in (3.4). The linear approximations at small x were plotted using the analytic approximation (3.5).
∆ when 0 < κ < 1
We calculate ∆ for various values of 0 < κ < 1 using the methods in section A, with the results shown in figure 5 . We may use either the electric or magnetic formulations of the theory to calculate ∆, and we verify numerically that they indeed give identical results. As in the theory with κ = 0, we calculate analytic approximations to ∆ about x = ∞ and x = 0 using the electric and magnetic descriptions of the theory, respectively. The first few terms in the expansion about x = ∞ are
where ∆(x, κ = 0) is the result in (2.12), while the leading behavior in the expansion about
An interesting observation, which may be seen in figure 5 , is that ∂ x ∆ diverges at small x as κ → 1 from below. We will see in the following sections that ∆ behaves qualitatively differently at small x when κ ≥ 1; in particular, when κ ≥ 1 we find that ∆ ≥ 1 3 for all x.
The case κ = 1
The theory with |k| = N c is special since the magnetic dual is a U (N f ) gauge theory at CS level ∓N c , depending on whether k = ±N c , with N f non-chiral flavors (q a ,q a ) and N 6) where the logarithmic term comes from the U (N f ) Nc supersymmetric Chern-Simons theory.
In the limit N f N c the free energy is maximized by ∆ = . Using the methods of section A.3, we may solve perturbatively for ∆ at small x in the dual theory, with the result
At large x we may use the 1/x expansion from the electric theory in (3.4). In figure 6 we plot these two analytic approximations along with the numerical results.
Theories with κ > 1
We now discuss the theory with κ > 1 in the Veneziano limit. The behavior of ∆ as a function
is qualitatively different at small x from the behavior when κ < 1 and when κ = 1.
An important observation is that when κ > 1 the scaling dimension ∆ approaches 1 2 at small x, i.e. when N f is kept fixed while N c and k are sent to infinity. This behavior is likely due to the higher spin symmetry in this limit [26] [27] [28] .
The leading correction to ∆ at small x can be worked out in perturbation theory. Writing The smooth orange curve at large x was computed from the analytic approximation in (3.4), while the smooth orange curve at small x, which approaches 1/3 at x = 0, comes from the analytic approximation in (3.7). The black points were computed numerically using the saddle point method (method 1, section A.1).
methods in section A.3 we find
At values of κ near unity it is possible to approximate f (κ) by perturbation theory in the magnetic theory, giving 10) which shows that f (κ) diverges as κ → 1 from above. In figure 7 we plot the analytic approximations to f (κ) at small and large values of κ along with numeric results.
Let us stress that our results for ∆ in the large N c limit at fixed N f and λ = N c /k are not symmetric under λ → 1 − λ. For small λ we have [39] 
while for λ → 1
The lack of symmetry under N c → k − N c is due to the fact that the N = 2 Giveon-Kutasov The function f (κ), defined in (3.8), plotted over a range of κ > 1. At values of κ slightly greater than one, f (κ) is well approximated by (3.10), which is the upper orange curve in the plot. The lower orange curve is the approximation at large κ given in (3.9). The points were computed numerically using the saddle point method described in section A.1.
duality does not relate isomorphic theories; the electric theory has no superpotential, but the magnetic theory has a cubic superpotential.
At large values of x we may still use the analytic approximation to ∆ in (3.4). In figure 8 we plot ∆ as a function of x for a few different κ > 1 in order to illustrate the general behavior in this regime. We also include the analytic approximations at small and large values of x in their regimes of validity. , and κ = 4 (orange). The linear approximations at small x were computed using (3.8), with f (κ) plotted in figure 7 . The analytic approximations at large x, which are shown as smooth curves, come from (3.4). The points were computed numerically using the saddle point method described in section A.1.
A F -maximization methods
The correct R-symmetry of the IR CFT locally maximizes the S 3 free energy [12, 14, 15] . The S 3 partition function may be calculated as a function of the trial R-charge using supersymmetric localization [11, 12] , which reduces the path integral to a finite number of ordinary integrals over the Cartan of the gauge group. In particular the integrals which we are interested in evaluating are given in (2.7), (2.17), (3.2) , and (3.3). Evaluating these integrals directly in the large N c limit is difficult when N f is of order N c . We take three approaches to approximating these integrals, and more importantly the critical R-charges, and we show that the different approaches give consistent results. We will illustrate the methods explicitly for the theory without CS term since the generalizations to the cases with k = 0 are relatively straightforward.
A.1 Method 1: The saddle point approximation
In the large N c limit we may evaluate the integrals in the saddle point approximation; the integral localizes to the configuration of eigenvalues for which the integrand is an extremum.
Our first method numerically solves for this saddle point [33] . Since we only take into account the contribution from the saddle point, our approximation to the function ∆(x)
is off by terms of order 1/N c . We take into account finite N c corrections by repeating the calculation at increasing values of N c and then extrapolating to N c = ∞.
To begin it is instructive to rewrite the integral in (2.7) in the form Z = 2
The saddle point configuration minimizes
and thus gives the dominant contribution to the partition function in the large N c limit.
The free energy F = − log |Z| is then approximated by the real part of the functional
evaluated on the saddle point.
We numerically solve the saddle point equations (A.3) following the prescription in [33] .
We solve the saddle point equations multiple times for each x, incrementing ∆ each time, until we find the configuration which locally maximizes F . Figure 9 shows a few eigenvalue distributions, computed at the critical ∆, at increasing values of x with N c = 300. As can be seen directly from (A.2), the eigenvalues are antisymmetric about i = Nc 2
. The eigenvalues also remain order unity in the large N c limit, and as a result the free energy scales as N 2 c at large N c . As x approaches x c ≈ 1.45 the outer eigenvalues begin to repel each other.
For each x we take into account finite N c corrections by computing ∆ for a range of N c between 100 and 500 and fitting the results to a function of the form
The quantity ∆ 0 is then a good approximation to the function ∆(x) at N c = ∞. We illustrate this procedure in figure 10 for x = 1.5. In that example we find ∆ 0 ≈ .319. 
A.2 Method 2: Extrapolating from small N c
Our second method numerically evaluates the partition function for 1 ≤ N c ≤ 4 over a range of N f . For each N f we find the ∆ which locally maximizes the free energy. We can then plot ∆ at fixed x as a function of N c . This is illustrated in figure 11 , where we also include a fit to a function of the form
The quantity ∆ 0 (x) should be the correct value for ∆(x) in the Veneziano limit. The reason why the series in (A.5) only includes inverse powers of N 2 c is explained in the following subsection.
A.3 Method 3: The 1/x and (x − 1) expansions Our third method gives analytic approximations to ∆ in the Veneziano limit at large x and at x slightly above unity. These approximations are computed using the electric and magnetic formulations of the theory, respectively.
A.3.1 1/x expansion in the electric theory . We perturbatively evaluate corrections to ∆ = 1 2 in a 1/x expansion through order 1/x 5 . This expansion turns out to be a good approximation all the way down to x ≈ x c .
We begin by reviewing the theory with N c = 1 and x = N f , since this example, while technically the simplest, still illustrates the main points of the 1/x procedure. The U (1) theory was discussed in some detail in [40] , so we will keep this discussion brief. The partition function as a function of ∆ is simply given by
In the limit of large N f we may evaluate (A.6) in the saddle point approximation; the partition function localizes around λ = 0. At λ = 0 the integrand in (A.6) is minimized at
, which shows that ∆ = 1 2
To calculate the higher order terms in the 1/N f expansion we begin by writing
and rescaling the Cartan generator λ toλ = λ(2π)
we expand in powers of 1/N f to obtain
We may perform the integrals in (A.8) term by term in the 1/N f expansion. Doing so leads to the free energy
Maximizing (A.9) with respect to ∆ 1 leads to ∆ 1 = −2/π 2 . This result is reproduced in appendix B using Feynman diagram techniques. The diagram techniques also show that this result has the simple generalization .10) for arbitrary N c .
It is useful to verify explicitly (A.10) for a few small N c using the F -maximization procedure. Increasing the rank of the gauge group to N c = 2, the partition function is given by the double integral
As in the U (1) case, we see here that in the large N f limit the free energy is locally maximized
To calculate the subleading terms in ∆, we rescale the λ i tõ
N f and we calculate the partition function as a function of ∆ in the 1/N f expansion:
which leads to
Maximizing (A.13) with respect to ∆ 1 yields ∆ 1 = −4/π 2 , consistent with (A.10). Carrying out this procedure for N c = 3 gives
which is maximized by ∆ 1 = −6/π 2 ; again, this is consistent with (A.10).
Iterating the procedure described above, we are able to solve for ∆ as a function of N f and N c to arbitrary order in 1/N f . Below we list the terms through order 1/N 4 f , We also find that the N c dependence of the free energy is given by
(A.16)
In the Veneziano limit the expression for F in (A.16) reduces to (2.13). These 1/x expansions of ∆(x) and F (x) are not convergent series, but rather asymptotic ones. Keeping the first few terms provides good numerical approximations at large x.
A.3.2 (x − 1) expansion in the magnetic theory
Let's now consider the limit where x is slightly above 1. We know that ∆ = Indeed, we may find such an expansion by perturbation theory in the Aharony dual, which is described in section 2.3.
It is convenient to make the choice N f = N c + 1, so that the partition function of the dual theory is given by Z = e (A.20)
Performing F -maximization at this order then gives∆ 1 = 1/(4π). Expanding F to one more order in 1/N c and performing F -maximization for∆ 2 gives the result in (2.18). A simple way to check this result is to repeat the analysis with N f = N c + n for other small n. In doing so we may also verify that F is approximated by (2.19) in the Veneziano limit for x slightly greater than one.
B The anomalous dimension through Feynman diagrams
In this section we reproduce (A.10) through Feynman diagram techniques, following closely the methods given in [40, 41] , in the abelian theory. with similar expressions holding forq a andψ a , to calculate the two-point functions of the currents. Fourier transforming into momentum space we find
B.1 The vector multiplet effective action
(B.6)
In Lorentz gauge ∂ µ A µ = 0 this leads to the propagators
(B.7)
B.2 One loop anomalous dimension
We will calculate the anomalous dimension γ = ∆ − 1 of the flavor multiplet fermions ψ and ψ perturbatively in 1/N f . In the UV the free fermion propagator is simply G 0 (k) = / k/k 2 , while at the IR interacting fixed point the propagator is given by G(k) = / k/k 2−2γ , with γ small. At the IR fixed point 2γ is equated with the coefficient of the / klog(k) term in the 1PI correction to the propagator Π(k); 2γ = Π(k)| / klog(k) . (B.8)
As illustrated in figure 12 , at order 1/N f there are three different contributions to Π(k)
coming from the gauge field, gaugino, and neutral scalar. Denoting these corrections as Figure 12 : Self-energy diagrams for the fermion due to the gauge field (left, contributing
